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Abstract

The principle of holography, which states that a gravitational theory is closely related to
a non-gravitational theory of lower dimension, has revolutionized the search for a theory of
quantum gravity. One such example of this is the D0-Brane matrix model, which exhibits
signatures of M-theory in specific conditions and is the holographic dual of a 10 dimensional
black hole of type IIA string theory. Understanding the properties of this model is difficult
to do analytically. In this report, we use the bootstrap method, a numerical technique that
utilizes a positivity constraint to narrow down the range of allowed values. We consider
many simple systems to provide a comprehensive review of the bootstrap method. We
also bootstrap the D0-Brane matrix model and reproduce bounds on observables of that
setting.
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1. Introduction

Newton’s formulation of physics reigned supreme for multiple centuries. When it seemed like
our understanding of physics was complete, the works of Planck and Einstein turned this
dusk into the dawn of a new era. The discovery of quantum mechanics and general relativity
breathed new life into the field. These two subjects revolutionized our understanding of the
world at minuscule and gargantuan scales, typically unreachable without technology. Quantum
mechanics gave birth to the idea of discreteness of energy levels, which allowed for a much better
understanding of particles. General relativity redefined gravity as the curvature of spacetime,
which successfully accounted for existing problems like the precession of Mercury’s perihelion,
while predicting extreme objects such as black holes.

The beauty of both of these theories is their connection to the classical world. Simply taking
the appropriate limits in both recovers Newton’s formalism of classical mechanics. This makes
sense, since each theory is a more general version of Newton’s mechanics. It is then natural
to try and combine all of these together into a unified theory. Quantum field theory weaves
together special relativity and quantum mechanics, but the coalescence of general relativity
with quantum mechanics poses a problem. One such example of their incompatibility can be
seen in Hawking’s paradox regarding black holes.

Quantum gravity is the field that aims to resolve this issue and combine both fields'. There
has been considerable work done regarding this, giving birth to a myriad of theories that claim
to do so. The most prevalent of these is string theory, in which the fundamental particles are
vibrations on 1 dimensional objects known as strings [1].

In this ongoing search, Gerard 't Hooft and Leonard Susskind proposed an idea known as
holography, which suggested that the degrees of freedom of our universe can be found on its
boundary. In 1997, Juan Maldecena physically formulated this idea into the AdS/CFT corre-
spondence, which related the gravitational Anti de Sitter (AdS) space with a lower dimensional
non-gravitational conformal field theory (CFT) |2]. While we will not go into too much detail
here (see [3, 4, 5] for comprehensive reviews), the important thing is that studying one of these
theories provides insight on the other.

In this report, we discuss the DO-Brane matrix model (an alternate limit to the well-known
BFSS model [6], relating it to M-theory), which is equivalent to a 10 dimensional charged black
hole in type ITA string theory under the ’t Hooft limit, by the gauge/gravity duality mentioned
above. This model contains 9 bosons and 16 Majorana fermions, which are represented as N x N
matrices with N being large. Our goal is to learn information about the quasinormal modes
of the black hole through the matrix model theory. These modes have been found through
the super-gravitational side already [7]. In addition, we would like to verify if this model
has zero bound energy states, a conjecture that has been analytically proven for N = 2 but
not for other Ns due to complexity. This is not surprising. When looking at the much simpler

!Technically, there are four forces that are involved, but three of these fall under the realm of quantum
mechanics.
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quantum mechanics, the evolution of every wave function v is dictated by the time-independent
Schrodinger’s equation:

o= (2 v Lo Ly E 1
o= (L +v@) v = (~gmpe + V@) 0 = B )
where we assume natural units (¢ = A = 1) for the rest of this report. The energy E, which
are the eigenvalues of H, can only be found analytically for a handful of potentials [8]. Thus,
numerical methods are virtually necessary to find the energy values of quantum mechanical
systems - and hence the D0-Brane matrix model.

One such method is the bootstrap method. Most numerical methods, such as the Monte
Carlo method, determine values by checking which values of sought-after parameters satisfy
the given equations. On the other hand, the bootstrap method identifies regions of values
that the parameters cannot take. These are done through derived relations and a positivity
constraint; as the complexity /number? of constraints get larger, the ‘incorrect’ regions grow,
leaving the allowed values. This technique, which was initially formulated to study the S-matrix
[9, 10], has been found to be accurate in various settings, which we shall cover in this report.
We specifically choose to work with this method because the Monte Carlo method has been
shown to be quite complex in the D0O-Brane matrix model. On the other hand, Henry Lin has
found results similar to the Monte Carlo method using simple bootstrap constraints [11]. Thus,
this technique may provide new insight on the model with more constraints.

In this report, we begin using the bootstrap method on single particle systems, such as
the harmonic oscillator and the Poschl-Teller potential. This also includes P7T-symmetric
systems, which have non-Hermitian Hamiltonians. We work with Hamiltonians found in other
articles, and are able to successfully reproduce their results. We then turn our attention towards
quasinormal modes of black holes. We study three settings: the AdS; metric, Schwarzschild
black hole, and the BTZ black hole. For the two 3 dimensional cases, we analytically find the
quasinormal modes, while we apply a semi-analytical technique for the other. In addition, we
attempt to apply the bootstrap method on the BTZ black hole, which fails due to the behavior
of the ‘potential’ of its radial equation. We also discuss potential remedies for this issue. Next,
we turn to bootstrapping matrix models. We start with the anharmonic oscillator, an example
of one matrix quantum mechanics. We finally work with the DO0-Brane matrix model and
reproduce the results in Lin’s paper.

This report is arranged as follows. Section 2 contains examples of single particle systems
being bootstrapped. In Section 2.3, various PT-symmetric systems are considered. The deriva-
tions for the quasinormal modes of black holes can be found in Section 3. Sections 3.4 and 3.5
deal with bootstrapping the BTZ black hole and discussing issues in our approach. We cover
matrix models in Section 4, and an extensive look at the D0-Brane matrix model can be found
in Section 4.2. We wrap up the report and conclude our thoughts in Section 5.

2. Single Particle Quantum Systems

Before we discuss large N matrix models, we turn to single particle quantum mechanics, where

x and p are scalars. The constraints for this model can be found at the energy eigenstates |E).
From basic quantum mechanics, we find that
<[Ha O]> = 07 (2&)
(HO) = E(0), (2b)

2The appropriate term depends on whether we are observing single particle systems or matrix models. This
notion will become clear.
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where H is the Hamiltonian of the system and O is any operator. Furthermore, the positivity
of the norm gives us the positivity constraint:

(OT0) > 0. (3)

With the relations in eqns. (2a) and (2b), our goal is to derive a recursion relation for the
expectation value of an operator. Such an expression will be able to generate a sequence of
moments {{f(z)")}_, for some integer K, where f(z) depends on the form of the potential
V(). Using these, we can define the Hankel matrix as M;; = (f(x)"*7). Then, we see that for

0= Zf:o a, f", the positivity constraint states

K K
0<(0T0) = ai{f(z))a; = ) a;Mija; = - Ma, (4)

1,5=0 1,j=0

where @ € C". Thus, the positivity constraint states that this matrix must be positive semi-
definite. This condition will determine the regions that £ (among other parameters) cannot be
in. As K — o0, this area will expand, and the remaining regions will correspond to the allowed
energy eigenvalues.

To see this in motion, we bootstrap quantum systems with analytical solutions so that we
can compare the analytical energy eigenvalues to ones found through the bootstrap method.
Such a process will be informative in how to find the operator in the moments sequence and
the dimension of the region to be bootstrapped.

2.1 Harmonic Oscillator

We begin with the harmonic oscillator potential due to its simplicity, and we were motivated
to bootstrap this example to match the work in [12]. We independently rederived these results
to test the Bootstrap method and compare our work with existing literature.

Here, the potential is V' (z) = %xQ. Thus, it is reasonable to expect the moment sequence to
be of the form {(x™)}>°,. With this in mind, we can use O = z"p with eqn. (2a) to find
- 1 n— n
n(z"'p?) + gn(n = D(n = 2)(@" ) = (") = 0. (5)

To substitute out (z" 'p?), we can use eqn. (2b) with O = 2"~! to get

(@"p?) = 2B(") — (™). (6)

When combining these equations, we arrive at the recursion relation we are looking for:

n

() = & (2800 - D) + 0= )00 - D=3 ) )

where we rescaled n by n —n — 1.

To initialize this relation, we set (z") = 1. In addition, we know that the expectation values
of odd powers of x are 0, since the potential is even®. Nothing else can be said about the other
moments. Thus, we plug in increasing values of n to determine if there are any moments that
cannot be written as a function of other moments and E. We see that when n = 2, (z?) is
purely a function of E. Thus, our search space S, the set of initial conditions, is just {E'}.

3This fact is also discernible from the recursion relation. When n = 1, eqn. 7 reads (z) = 0. For all odd
natural numbers beyond n = 1, the equation similarly reads 0, since (z") depends on (z), (3),--- , (z"2).
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We can now construct our Hankel matrix. We automated this process on Mathematica.
Such a matrix for K =5 is the following:

1 0 E 0 8% 4 8
3E? 3
0 b 3E20 3 2 * 8 5E3 0 25E
I T s = 0
3E2 3 5E3 25E 354 245E2 315
5 +s 0 S+ 0 ST 6 T

Since our search space is one-dimensional, we can easily work with higher values of K.
Thus, we consider K = 11,21 for this example. With their Hankel matrices constructed, we
can simply find values of E for which all the eigenvalues are non-negative. The plots of FE
depicting the ‘allowed’ energy eigenvalues can be found in Figure 1. It is easy to see that
K = 21 does a better job at finding these values, which we know analytically are E, = 3 for
odd, natural numbers n. As higher values of K are used, the bootstrap method will yield better
results.

e K=11
e K=21

Figure 1: A plot of the allowed energy eigenvalues of the harmonic oscillator for K = 11
(orange, upper) and K = 21 (purple, lower). Note that K = 11 only produces the E = 1/2
value, with the rest being hazy. K = 21 also has this haze for £ > 5, but it successfully finds
E=1/2,3/2,5/2, and 7/2.

We can now turn to a more complicated example.

2.2 Poschl-Teller Potential

The Péschl-Teller potential is V(z) = wseChQ(x), where A\ € Z*. This potential is a great
example, since it serves as a complex example to bootstrap. Furthermore, experience with this
system will prove useful in studying gravity, as we shall see in Section 3.4.

Here, it is natural to derive a recursion relation for the sequence {(sech”(x))}>,. We can
begin with O = sech”(x) tanh (z)p in eqn. (2a), which yields

- % [n2<sech”(x)tanh(x)p> — (n 4 1)(n + 2){sech™"?(x)tanh(z)p)

(9)
—1 [(n + 1) ({sech™*?(z)p?) — n(sech”(x)p2>] + 21V ({sech"™(z)) — (sech™"?*(x))) = 0.

Note the (---p) term that appears here, but not in the harmonic oscillator case. To get rid of
this term, along with the (---p?) term, we can use O = sech”(z) in both eqns. (2a and (2b))
to find

(sech™(x)tanh(x)p) = [(n + 1)(sech™*?(z)) — n(sech™(z))|,

2
(sech”(x)p?) = 2E(sech™(x)) — 2Vj(sech™"?(x)).

(10)
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Figure 2: Plots of the bootstrapped regions of the Poéschl-Teller potential with K = 7 and
A = 3. Here, we can observe peaks at F = —1/2,—2, and —9/2, which match the analytical
energy values. Note that a zoom-in to find the —9/2 energy state was needed.

Combining both of these relations gives us the recursion relation:

- %l(n +2)(=2) +n + 1)(2A + n + 3)(sech™(x)) =

3 1 (11)
<2En + Z) (sech"(z)) — §(n +1) (—2X% = 2\ + n® + 2n + 4de + 2) (sech"*?(z)).

Like the previous example, the potential is even, so all odd powered moments must be 0. The
search space is thus {E, (sech?(x))}, since we do not want (sech™?(z)) in our recursion relation.
Thus, our search space is two-dimensional, making this problem more computationally complex.

We can counter this issue with a simple trick: since (sech®"*!(z)) = 0 for n € N, we can
make our sequence ((sech?(x))")%,. That is, we can set n = 2s—4 such that eqn. (11) becomes

(4Es — 8¢ + 283 — 1252 4+ 245 — 16) r,_o + (—4FEs + 6F — 453 + 1852 — 4s — 21) r,_4
253 — 652 — 3773 + 435 ’
(12)
where 7, = ((sech?(x))®). Making this substitution reduces the size of the Hankel matrix in
this situation, hence reducing the complexity. The result of using bootstrap on this recursion
relation for A = 3 and K = 7 can be found in Figure 2. In general, the eigenvalues of this
system are —"—22 A_,. It can be seen in Figure 2 that the bootstrap method is successful
in retrieving the energy values —1/2, —2, and —9/2. It is worth noting that the £ = —9/2
value had to be found through zooming in quite closely and adding PlotPoints — 100 when
plotting. This extra effort needed can possibly be attributed to bootstrap converging to this
energy eigenvalue too fast. Such energy levels may prove difficult to find for models that have
an unknown eigenvalues.
After observing the success of the bootstrap method for these examples, we can test this

method on the more non-traditional theory of P7T symmetric systems.

Ty = —

2.3 P7T Symmetric Systems

Before we understand the bootstrap constraints of P77 symmetric Hamiltonians, let us provide a
brief introduction to the topic. It is well known that the Hamiltonian H of quantum mechanics
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dictates the energy states and the time evolution of states. Mathematically, these conditions
state that the eigenvalues of H are real and e ** is unitary, which are necessary conditions to
ensure the theory is physical. If H is Hermitian, then it is easy to see that these requirements
are satisfied. However, Hermiticity is not the only property of the Hamiltonian that satisfies
these requirements.

One of the causes of such an idea was a conjecture made by D. Bessis [13], which stated that
the eigenvalues of H = p?+ 2% +i23, which is not Hermitian, were real and positive. This claim,
which was formed on the basis off of numerical means, could be attributed to the PT symmetry,
or both parity (spatial reflections) and time reversal, of the Hamiltonian. More specifically,
when making the transformations (i) ¢ — —i¢ and (ii) + — —z, this Hamiltonian remains
invariant?. Such Hamiltonians have been shown to produce real eigenvalues and unitary time
operators |13, 14]|. There is still work being done on extracting observables of P7T-symmetric
Hamiltonians, but they have been found to describe interacting systems [15, 16].

Our motivation to study the effect of the bootstrap method on PT-symmetric systems is to
simply illustrate the range of the technique. The general process remains the same. However, a
slight modification of constraints in eqns. (2a), (2b), and (3) is required to execute this method
in this setting. We will illustrate the changes needed for the constraints, but not explicitly
derive the recursion relations like before, since that process is identical to the Hermitian case.

Like before, we have that H|E,) = E,|E,). However, we now see that (E,|H" = (E,|E} #
(E,|E,. Such a property becomes problematic when deriving the aforementioned constraints.
Thus, we introduce a new operator V = e2 [17] that is Hermitian, positive, (V) = 1, and

satisfies® HT = VHVY~!. Thus, it is easy to see that we have the following constraints:
((H,O])y = (V[H,0]) =0, (13a)
(HO)y = (VHO) = E(O)y, (13b)
v'otvo), = (0'vo) > 0, (13c)

where (X)) = (VX). Note that if VIO ~ O, then all of the constraints are identical to
ones from Hermitian quantum mechanics. Such an equivalence can be found given the nature
of z and p, as we shall see for a couple of examples.

2.3.1 Shifted Harmonic Oscillator

The Hamiltonian here is
H = p* + 2% + 2iex. (14)

It is easy to see that the last term is what makes the Hamiltonian P7T-symmetric and not
Hermitian. Thus, to determine Q - and hence V - such that H' = VHV™!, we need Q to be
a function of momentum along; otherwise, the position operators would commute, indicating a
false Hermiticity of the Hamiltonian. Since the term of concern is linear in position, it is worth
considering Q = ap.
Applying the commutation relation [p", z] = —inp™ !, we find the following constraint on
o
—2izae — o + 2% + 2ix + 26 = 7 — 2ier. (15)

4Note that this Hamiltonian is not P and 7 symmetric individually. That is, parity P has the effect of (i)
x — —z and (ii) p — —p, while time reversal 7 makes (i) p — —p and (ii) i — —i.

5This property allows one to tie a P7T-symmetric Hamiltonian to a Hermitian Hamiltonian, since H =
e~ 9/2He9/? is Hermitian (however, this changes the boundary conditions, meaning the solutions may be af-

fected). Thus, the V operator is important in understanding the role of observables in PT-symmetric models
[14].
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Grouping the terms with and without x and solving for a yields a = 2i€, meaning Q = 2iep
and V = e%%._ Note that setting ¢ = 0 makes V = 1, which makes sense as Hermiticity is
restored. Moreover, it is easy to check that )V in general satisfies all of its above properties.

This means that V~!pV = p, which cannot be said about x. Thus, the positivity constraint
here, given O = 25:0 a,p™, reads

K
0< (VIOVO)y = > ai(p™)vaj. (16)

i.j=0

Like before, we can define M;; = (p"*7)y, and carry on the bootstrap method. It is important
to note that (---)y is the analog of (---) in the PT-symmetric setting. The derivation of the
recursion relation is identical to the Hermitian setting because all of the constraints use this
specific type of expectation value. However, there may be a change in the domains of search
space parameters; that is, (z) and (V) may make the Hankel matrix positive semi-definite at
different values. No such difference was found for the P7T-symmetric Poschl-Teller potential,
which had an identical recursion relation to the one derived in Section 2.2 [19].

When using the bootstrap method with the recursion relation found in [19], we produce
plots that match the results of that paper. These can be found in Figure 3.

1.0 1.5 2.0 25 3.0 3.5
E

(a) Plot of the allowed energy eigenvalues found through bootstrap for € = 0.5 and K = 15. The
expected values are 1.12 and 3.25, which matches the values found.

1.5 20 25 30 35 4.0 45
E

(b) Plot of the allowed energy eigenvalues found through bootstrap for ¢ = 1 and K = 15. The
expected values are 2 and 4, which matches the values found.

Figure 3

2.3.2 Swanson Hamiltonian

Here, the Hamiltonian is H = p* + 2 + ic{z, p}, where {-} are the anticommutator brackets.
Since the PT-symmetric term is ~ xp, it is a good guess to assume Q = ax?. Using the
same process as before, it is easy to find that « = —c¢. Since V is purely a function of =z,
meaning V" 'xV; so it is best to choose (z")y as our moment sequence. This is straightforward
to find [18]|. Figure 4 contains the energy levels found through bootstrap for this setting. It is
worth noting that a deeper search was needed to accurately find intervals for each of the energy
eigenvalues; that is, a step size of 1072 proved insufficient, so we resorted to 1073,

For both the shifted harmonic oscillator and Swanson Hamiltonians, it is easy to see that
the Hamiltonians become the harmonic oscillator when € or ¢ are set to 0. This can also be seen
in the recursion relations in [19], as taking these limits produces the recursion relation in eqn.
(7). This point illustrates that the derivation of the recursion relation is robust to additional
terms.

5The equations with and without = produce the same value of «, which is a quirk that is interesting. This
also happens for more complex systems, as commented in [18§].
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1.0 1.5 2.0 25 3.0 3.5
E

(a) Plot of the allowed energy eigenvalues of the Swanson Hamiltonian found through bootstrap for
c= 0.5 and K = 15. The expected values are 1.12 and 3.35, which matches the values found.

1.5 20 25 3.0 35 4.0 45
E

(b) Plot of the allowed energy eigenvalues found through bootstrap for ¢ = 1 and K = 12. The
expected values are 1.41 and 4.24, which matches the values found.

Figure 4

2.3.3 V(z)=—-2*

A more complex example is the Hamiltonian H = p? — 2*. The potential is clearly unbounded
below. However, this Hamiltonian can be transformed into a solvable, PT-symmetric Hamil-
tonian if = is on a contour in the complex world [13, 20, 19]:

H = %{(1 + iz, p*)} — %p —16(1 +ix)?, (17)

where {-, -} are the anti-commutator brackets. Finding Q here is trickier, but since most of the
PT-symmetric terms are of z, it is wise to assume @ is a function of p. Namely, this operator
is p®/48 — 2p [20]. Like the shifted harmonic oscillator example, the sequence of moments is
(p")y. Bootstrapping the recursion relation, which produces a three-dimensional search space,
produces the plots in Figure 5, which showcase the ground and first excited energy levels.
These roughly match the plots in [19], the difference in which could be attributed to different
programming languages used to bootstrap.

As mentioned earlier, this example contains a three-dimensional search space, making it the
most computationally intensive example provided thus far. Not only does this make a simple
search take longer, but for recursion relations with unbounded moments, determining the area
where the positivity constraint is satisfied becomes much more difficult. That is, there is no
information on (p?)y and (p)y, two elements of the search space. However, if the moment is
bounded, like certain trigonometric or hyperbolic functions, then the region to search for those
is bounded. For example, in Section 2.2, (sech?(x)) is bounded in the interval [0, 1], so the area
searched during bootstrap was designated to that region.

With the success of the bootstrap method in Hermitian and P7T-symmetric quantum me-
chanics, we can turn our attention to gravity. After all, holography suggests there is a connection
between gravity and quantum mechanics.

3. Quasinormal Modes of Various Metrics

Let us briefly introduce quasinormal modes before deriving them for gravitational settings.
Quasinormal modes are oscillations of a system that are dampened. These can be thought of
as normal modes, along with an exponential term that dampens them based on some initial
condition. That is, if a normal mode is given as Re(e™n!), where w, is the normal mode
frequency, then the quasinormal mode is given by:

o(t) = e“'Re(e™"). (18)

9

249

250
251
252

253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270

271

272
273
274
275
276



0.1250

0.1240
8.880

8.875

2
8.870

8.865

8.860

6.020

Figure 5: Plots of the ground state (left) and first excited (right) energy values of eqn. (17), as
functions of F, (p)y, and (p?)y. Here, K = 10 to reduce complexity, and the intervals chosen for
the search space parameters were based on the choices in [19]. This was done for the purpose
of comparison.

It is clear that w, is a negative term that dictates the rate of decay of the normal mode that
comes after it. We can rearrange the above equation into a form that is analogous to the normal
mode wavefunction:

o(t) = e Re(e™nt) = Re(en~wat)y = Re(e™!). (19)

Thus, the quasinormal mode frequency w is a parameter that incorporates both the normal
mode frequency and the time decay parameter. Whether a system has normal or quasinormal
modes is based on the boundary conditions at play. However, these conditions do not have to
be based on time in general; a system’s normal modes do not decay with respect to time unless
some external force or object influences it. In fact, the one non-black hole example that we
consider has normal modes, while the black hole metrics produce quasinormal modes. As we
shall see below, the radial boundary conditions are what allows us to solve for the (quasi)normal
mode frequencies.

When applied to black holes and gravitational metrics, (quasi)normal modes refer to how
perturbations of the field in those metrics behave. We determine the (quasi)normal modes of
three well-known metrics with a massless scalar field”. We do this analytically, but if such a
process is not possible, then we will resort to semi-analytical means. This process can roughly
be summed up as solving for the wave equation of GR from the Klein-Gordon operator:

1 vV
\/ldTTlau(v | det g, |9"0,¢) = 0. (20)
N

We then use boundary conditions to determine how the time parameter behaves, which yield the
modes. Thus, determining (quasi)normal mode frequencies of gravitational settings is simply a
spectral /eigenvalue problem with initial values. As stated prior, the DO-Brane Matrix Model
describes a black hole in the 't Hooft limit. Studying the certain correlation functions of the

"Using different fields, such as a massive scalar field or a electromagnetic field, yield different modes. However,
the flavor of the problem is the same regardless, so we stick to working with the simplest case.
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this model provides insight on quasinormal modes frequencies of this black hole. As such, a 297
thorough review of quasinormal modes in simpler settings is key. 208
3.1 AdS; Metric 209
We begin with the AdS3 spacetime. This is an example of a simple, gravitational spacetime 300
that will produce normal and not quasinormal modes because there is no black hole present. 301
Its metric is given by: 302
2 1 72 2
re+1 [
ds? = — de® + dr? + (r?) d¢?, 21
() o+ (e ) o+ (%) a0 @)
where [ is the radius of AdS3. This metric is diagonal in the {¢,r, ¢} coordinates, so our wave 303
equation simplifies to 304
1
-0, (rg"oup) = 0. (22)
’
Making the summation explicit, we arrive at at the partial differential equation we must solve: 305
& 2 1 3., 12 1 2
~ N\ ) Ot g0 (P PNo0) + (5 ) O = 0. (23)
We can proceed to solve this partial differential equation through separation of variables. 306
Through this, we find that T'(t) = e ™! since the perturbation vanishes as ¢ — oo, and 307
d(¢) = ™. Tt is important to note that w are the mode frequencies that we are attempting 308
to find. These should be real because they are normal mode frequencies. The radial equation 309
turns out to be: 310
(r+ )7, B+ )+, m(r*+ 1) o
l—4R + i R+ —T—i—w R=0. (24)
This equation can be solved explicitly. Before we do so, we rewrite our radial equation in terms 311
of a new variable z = . The motivation for this, originally inspired by the work in [21], 312
will become apparent soon. The differential equation now reads: 313
m?  Pw?
2(1—2)R"(2) + (1 — 2)R'(2) + <—4— + T) R(z) =0. (25)
z
Using DSolve in Mathematica, we can analytically solve this equation: 314
/2 m lw lw m
R(2) =12 il ———,— = —;1—m;z2
2 272 2
(26)
+ ¢p2™%,F, m_ m+lﬂ'm+1'z
2 2471 9 9 ) 9 9 ’ ) )
where o Fy(a,b;c;x) = > 7, %fl—? is the hypergeometric function. Here, (a), = % is 315
the Pochhammer symbol. Since no horizon exists here, as r = 0 is the only singularity in the 316
metric, we can use the fact that the wave must be smooth at r = 0 + z — 0. Each of the 317
hypergeometric functions reduce to constants, so ¢; has to be 0 for smoothness. Thus, the 318
radial solution is 319

[ [

= = 2
2 272 2 (27)
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To retrieve the normal mode frequencies, we can use the other boundary condition: the wave
must disappear as r — 00 <> z — 1. We can use a relation of hypergeometric functions, which
we originally found in [21], that reads:

L(e)l'(c—a—10)

I'(c—a)l'(c—10)

DT (a+b—c)
['(a)(b)

F(a,b;c;2) =

F(a,b;a+b—c+1;1—2)
(28)
+ (1 . Z)c—a—b

Flc—a,c—bc—a—b+1;1—2),

where a = 3 — %”, b="%+ %“, and ¢ = m + 1. This is why we switched to the z coordinate; in
this limit, 1 — 2 — 0, the hypergeometric functions are constants yet again. The second term
vanishes in this limit. Thus, the only way for our radial solution to vanish in the far-field limit
is if % = 0. This is only possible when ¢ —a = —n or ¢ — b = —n for n € Ny, meaning
our normal mode frequencies are

‘i(m+2(n+1))‘:m+2(n+1). (20)

Wy =
Figure 6 shows R(r) for select values of m and n. The normal modes of perturbations in
AdSj3 spacetime are the total wavefunction, which are the product of time, angular, and radial
functions:

2 m/2 2
B iwnt_imd T m lw, mlw, o
o(t,r,¢) = Re(e e’?) (7’2+12) 2 I <—2 BN +—2 ’m+1’—7’2+l2 (30)

up to some arbitrary constant in front. The mode frequencies are real, confirming these modes
as normal. In fact, the frequencies above can be mapped to the energy levels of the quantum
harmonic oscillator, since they are both evenly spaced.

Now, let us turn towards the BTZ black hole, which is a black hole in the AdS; spacetime.

3.2 BTZ Black Hole
The metric of the BTZ black hole spacetime is:

2 73_7& 2 I? 2 2 2
ds? = — % dt* + | - = dr? + (r%) d¢?, (31)

LA

with r, > 0. The metric considered in the above section is identical to this one, given r, = il.
Given the physical significance of this metric, we expect to find quasinormal modes here. Like
before, we need to solve eqn. (20), which is identical to eqn. (22) from the previous section.
Expanding this out leads to the following partial differential equation:

[? 1 1
_ (T2 —0 ) 8t2g0 + m&n ((7“3 _ rir)argo) + (ﬁ) 8d2)g0 =0. (32)

+

Using separation of variables, which yields the same solutions for ¢ and ¢ as the AdS3 spacetime,
we find the radial equation:

2 .2)\2 32 _ p2 2 .2 2 .2
(T l4r+) R/l+ ( r r-;)l4(r T+)R/+ (_m(rr212 T+) _l_wQ) R: 0 (33)

In the AdS; setting, we then rewrote the radial equation in terms of a new variable z. We do

7"2 . . .
this again with z = 1 — % such that z is bounded between 0 and 1 [21]. The radial equation
is now succinctly expressed as:

R(2) (I'w? — I>m?z)

(1—2)zR"(2)+ (1 —2)R'(2) + e

~0. (34)
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0.5} ::

0.0} -

r

Figure 6: Plot of R(r) from eqn. (27) for (m,n) = (0,2),(3,1), and (1,10). A factor of
c1 = 1,15, and 20 were respectively chosen for visibility.

This equation is exactly solvable, giving the solutions:

R(z) =c1z 7+ o F — , — 01— Pz
( ) ! 21 27"+ 27’+ 27“+ 2T+ Ty

120 (ile ilm wl?>  iml iwl? )
: +1;z

%0 (_z’w12 iml ilm iwlzll iw12_>
(35)

+ coz %+ 2F1

27’+ 27”+’ 27“+ 27"+’ Ty

We must invoke boundary conditions once again to determine which of these two linearly
independent solutions is correct. Since the horizon exists in this scenario, the wave at the
horizon must be in-going. That is, when written in the tortoise coordinate® z, the wave must
be of the form o(t,z,¢) = e ®+2emé  Note that » — r, means z — 0. Furthermore,

de/dr =12/(r* —13), so x = % log (%) Then, we see that

e—iwac o (T’ _ T+)—il2w/27‘+’ (36)
so the correct solution is the first one in eqn. (35).

The process for deriving the quasinormal modes is identical to the AdSs setting. Using
the same far-field boundary condition, which states that the perturbation must vanish when
r — o0 > z — 1, and the hypergeometric function relation from eqn. (28), the radial solution
becomes:

I'(e)l'(c—a—0b)

R(z) — Fla,b;a+b—c+1;1— 37
(2) ClF(c —a)l'(c—10) (a, b0 crh 2); (37)
where @ = — &2 _ iml b= dm ’“lz, and ¢ = 1 — 22 Like before, this forces ¢ —a or ¢ — b to
27’+ 27‘+ 27‘+ 27‘+ T4

8Such a set of coordinates, named after the well-known Zeno’s paradox of Achilles and a tortoise, is com-
monplace when studying black hole spacetimes. In tortoise coordinates, radial null geodesics are surfaces in
which time is considered constant.
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| m=0,n=2
1.0 B
----- m=3,n=
-------- m=1,n=10
0.9r = i
i re
T L e T e e B
nd
-0.5F B
-1.0¢ I I I I I I I L
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

r

Figure 7: Plot of Re[R(r)] from eqn. (27) for (m,n) = (0,2),(3,1), and (1,10) with r, = 1/2
and [ = 1. A factor of ¢; = 1/120,1/6, and 5 x 107> were respectively chosen for visibility.
Note that these solutions only hold for » > r, = 1/2. Furthermore, only the real portions of
these functions are shown due to their physical relevance.

be non-negative integers n. Therefore, the quasinormal modes frequencies are:
m o 297y
w”:T_lT(n+1>’ (38)

which matches the result in [22]. Figure 7 shows R(r) for select values of m and n with [ = 1
and r; = 1/2. Note that the quasinormal mode frequencies are consistent with eqn. (29) with
r4 = 1l. Finally, the quasinormal modes themselves are:

ilw

2N\ T L2 : : 12 12 2
o) = Re | ewnteime (1 _ Ly T JF, Cdwyl® zml’ imiwpl - eyl - L
72 2ry  2ry 2ry 2ry i 72

(39)
Note that the radial solution need not be real here; such a property only holds true for m = 0.

Throughout the derivation for both the AdS; and BTZ black hole spacetimes, the only
constraints that were placed on the time parameters w were the boundary conditions. Without
them, w was free to be any value. Of course, the physical dynamics of the setting is contained
in the Klein-Gordon equation and the metric, but the boundary conditions were necessary to
determine if the wavefunctions exhibit normal or quasinormal modes.

These examples show that deriving (quasi)normal modes of simple spacetimes interacting
with the simplest field possible is not an easy process. As we shall see in the next section,
analytical expressions for these values cannot be found even when adding one more spatial
dimension.
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3.3 Schwarzschild Black Hole

Here, the metric is

2 r—2M 2 r 2 2192 2 2 2
ds” = ( . )dt+(r_2M)d7" + r°d#” + r“sech”(x)do”. (40)

Solving the wave equation is straightforward, since the metric is diagonal using the above
coordinates. By assuming ¢ = R(r)T'(t)g(0, ¢) and using separation of variables, we find that
g is simply the spherical harmonics, which appear in other settings like the Hydrogen atom
example in quantum mechanics. The time function is once again T'(t) = e~™“*, where w are the
quasinormal modes. Dividing these solutions out, we are left with the radial equation:

(r — 2M)?R"(r) = — (2(7” — M)(r — 2M)> R0+ (l(l +1)(r —2M)

r r

— w2r2) R(r), (41)

where w is the quasinormal mode frequencies and [(I + 1) is the separation constant for the
angular terms. No solution exists for this equation, so there is no way to derive the quasinormal
modes themselves. However, we can check if our radial equation has the correct limits as r — oo
and r — 2M. This exercise will strengthen our understanding of the system.

3.3.1 Horizon Limit

In the latter limit, we can use the Frobenius method to determine if our solution has the
appropriate limit as r — 2M. First of all, it is easy to see that r = 2M is a regular singular
point of eqn. (41). Thus, the method is applicable here. Let R = 7~  Ax(r — 2M )+, Then,
we see that

0= g: [(kz +s)(k+s—1)+ M(k +5)+ wm] Ap(r)F+s — M g: A (r)F,

(42)

where r, = r—2M was defined for convenience. The incident polynomial, which is the coefficient

of Apr®, must be 0. Thus,
r 1 [r?
= 4 a2 42002, 4
ST ooV e (43)

To determine this sign, we need to employ the ingoing boundary condition at r, = 0. When
this value is plugged in, we find that s = £2:Mw. In addition, we see that under this limit:

R(r) = Ag(r,)=*M, (44)

The ingoing condition demands that f(t,x) = Ce ) where x = r + 2M In(r,) is the
tortoise coordinate for a Schwarzschild metric. We already know that e~** is the solution to
the ODE of time in eqn. (41), since the perturbation must be virtually nonexistent at a much
later time. For r, note that e=™* oc r72M“ meaning that s = —2iMw.

All that is left for this direction is to find a recursion relation for A;. The coefficient of z

must vanish, so we have:

k+s

Ak—l C1 (M)l_k
"TOME? — 4iMPwk T (D (1 — 4iMw)y (45)
where () is the Pochhammer symbol. Thus, near the horizon, the radial solution is:
_ . —2iMw - (M)lik o k—2iMw
R(r) = Ao(r —2M) +c g (r—2M) (46)

—1 (l)k_l(l — 4iMW)k_1
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3.3.2 Far-field Limit

In the other limit, r — oo, our ODE becomes:

I(1+1)

72

R'(r) + %R’(r) + (w2 — ) R(r) = 0. (47)

The solution to this equation is:

R(r) = c171(rw) + coyi(rw), (48)

where 7 and y are the spherical Bessel functions of the first and second kinds respectively. Since
our perturbation must vanish when r is very large, we can study the case where w < 1, since
this reduces to the familiar Minkowski metric setting, and r» > 1. Expanding the first solution,
we get

m=0

G(rw) = C(rw) V2 i1 p(rw) = C(rw) 1/ (Z (%)2m+l+2> ~Cr (49)

To make sure the second solution is the correct one, we can expand it too:

y(rw) = C(rw) 2Ty p(rw) = Crw) /2 (Z (%")27’”2) ~ O, (50)

m=0

Thus, ¢; = 0 in eqn. (48), meaning the radial equation in this regime is
R(r) = cry(wr). (51)

With a thorough review of the radial solution at the extreme limits done, we can now discuss
how to find the quasinormal mode frequencies of this black hole.

3.3.3 Quasinormal Mode Frequencies of the Schwarzschild Black Hole

Since the radial equation cannot be solved, we will instead use perturbation theory instead of
pure numerics to gain some perspective on w. This work is based on the method described in
[23].

Such a method is useful for its versatility; it can be used in a wide variety of situations, such
as black holes with charge and spin [24, 25|. However, it possesses one major flaw: the series
that it produces - that approximates the ‘true’ value of the sought-after parameter - is not
always convergent. Thus, other methods such as the Borel summation or Padé approximants
(see [26] for more detail) may be necessary.

A Quick Look at Perturbation Theory

To begin, let us rewrite the radial equation of this setting from eqn. (41) as

FEA e + @) - 1) (5 + D) ) =0 52

where z = r/2M and f(z) =1 — 1. Now, we can define the perturbation term as

2
=\ En (53)
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Now, note that multiplying both sides by h? allows us to write the previous equation as

(—th(Z)%f(Z)d% n v<z>2) R(z) = ER(:), (54)

where E = (2wh)? is the energy term and V' (z) = Vo(2) + A*Vi(2) = f(2) (272 + h?273) is the
potential term. The w term is the quasinormal mode frequencies that we are ultimately trying
to find. It is easy to see that, to get this equation into a Schrodinger form, we go to the tortoise
coordinate x defined by z = z +In(z — 1) + C. We can strategically choose C' such that Vj
reaches its maximum value at « = 0. This corresponds to z = 3/2, so C' = 1n(2) — 3/2. The
advantage of doing so will be clear soon. We can now expand V{ near its maximum:

8 32 3\° 8 32
8 16 32
—(1—-s) | = - —p - 2
iz ={1-5) <81 75" " a1grt Ol )>
where s is the spin weight of the background field. Now, we can do a couple of variable changes,
g =+/hand q = x/g, such that eqn. (54) becomes:
v(z)

5@ + () = ewlo) (56)

where the function v(x) is defined as follows:

ofa) = D00 SR ZVOD 1 1 gy ), (57)

Furthermore, ¢ = (E — V(0))/2¢g%. The actual perturbative expansion for the energy term

is given by rewriting ¢ from the above equation into an infinite sum of a recursively defined
variable €,,” and the perturbation term g:

E, = (2w,h)? = V(0) + Qh{églen,l] =V(0) + 2h[ — /08(0) <n - %) + égleml}.

Note that y/v{(0) is not real. The inclusion of this imaginary number is what leads the mode
frequencies to have a non-zero imaginary part. This is consistent with a field’s perturbation
exhibiting quasinormal mode frequencies in the presence of a black hole.

If we evaluate the terms ¢, ;, then we can find w, in a straightforward manner. These terms
are defined as:

1
oo = VD (04 5 ).

-1 l (59)
n+1)(n+2) ., n n n
En>1,1 = _( )2( >An,—~l_2 - Z 6TLJ‘ATL,Z—]‘ + Z(UOJAnl j + ULJAnl ji— 2)
j=1 j=1
The symbols Anl introduced in the above equation can be written as:
r(k+1)(k+2)A’;t2+E 267”251 ; kaj)l(vojAnl ; +U1JAM i a) n+1<k<n+3l
(kD) (kA AR 42 55 (enj AR 1 —v0,An 7?2 —v1 AT o)
n, n 7, n, < < _
Al =4 2,/ (0) (k—n) O<ksn—1 (60)
dor k=n
0 otherwise

\

9The variables [ and ¢ are different. We use this notation aware of this clash in order to match the notation
of [23], which this section is based on.

17

423

424
425
426
427
428
429

430
431

432

433
434
435

436
437
438
439
440

441



(G+2) @)

0 0 . : . .

Here, vy ; = 99—~ ©10 4n4 v = A2 O Since perturbation theory is not a main focus of this
P (j+2)! J J!

report, we introduced and defined new terms without much of a derivation. A technical review
of this method can be found in [27, 28|.

An Illustrative Example

To showcase the perturbative method described above, let us find the quasinormal mode
frequencies for a set of n, [, and s values. To rederive the work in [23|, we choose n =0, ¢ = 2,
and s = 2. Firstly, equs. (59) and (60) state that:

EO,Z = A[Z)vl' (61)

Finding these symbols is enough to get a perturbative expansion for the quasinormal modes.
Since the first equation of eqn. (60), which is the most relevant for this choice of parameters,
is an implicit recursive relation, it is necessary to find A3, - -- A3 before A7 ,. This can be done
in a straightforward manner, as A¥ , with k or | being negative vanish.

Rewriting eqn. (58) up to order h3, we can finally find the quasinormal mode frequencies:

318 4i. 9281 6163
" =[S s = o R —— 3+ O(AY) | = 0.36628—0.09112450. (62
N n=0,l=2,5=2 \/4 l27 27 729 * 26244+/2 +O(rY) i. (62)

Since eqn. (58) contains powers of g = vk rather than f, one might expect fractional powers
of h in the expression for w,. However, the recursion relation for the A} ; symbols dictate that
A%,l = 0 for odd [. In addition, the positive square root was chosen above to make sure Im(w,)
is negative by definition.

The result above is consistent with the findings of [23]. The frequencies themselves are
correct up to order 10~2 with both the perturbative and numerical approximations performed
in the same paper. Their work also showcases how the difference between the types of approx-
imations is of order 10™° when terms up to h'? are considered in eqn. (62). In addition, the
approximation will get stronger for higher values of ¢, since the perturbative parameter A grows
smaller.

This exercise, along with the 2 + 1 dimensional examples, provide a brief glimpse into
the derivation of (quasi)normal modes, which are complex even in the simplest settings. The
methods presented above are not the only ways to find these modes, however. In fact, the
bootstrap method can be easily applied here, even though this is not a quantum system. As an
example, we return to the BTZ black hole. We shall bootstrap this setting and discuss some
problems we come across.

3.4 Bootstrapping the BTZ Black Hole

Recall that there is nothing intrinsically quantum mechanical about bootstrapping. Of course,
the equations that have been numerically investigated thus far have been the Schrodinger’s
equation, but any differential equation of the form in eqn. (1) is fair game. Thus, if we can
convert the radial equation from eqn. (33) to such a form, then the bootstrap method can be
implemented.

Fortunately, this process is simple. This can be done with a change of coordinates to the all-

too-familiar tortoise coordinates. To make the mathematics simpler, we define x = % log (%) ,

Ué]) (0)
g!

19This formula is written incorrectly in [23] as vy ; = . The correct form that we have written comes

from [27]
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where we assume [ = 1 and absorb the r, in the denominator with the x for simplicity. We first
rescale our differential equation by R(r) — R(r)/+/r ans then apply the coordinate change.
Finally, we substitute in eqn. (38) for w,, so our equation becomes

_U”;ﬂf) 4 (gcsch2($) + %sechQ(x)) u(zr) = —=2(n+ 1)2u($). (63)

Note that we set m = 0 to first test the bootstrap method for the simplest setting. In addition,
a factor of 1/2 was introduced to match the form of the Schrodinger’s equation. Thus, our

potential is V (z) = 3csch®(z) + £sech?(z). Such a potential is reminiscent of the Pdschl-Teller
potential; the inclusion of the hyperbolic cosecant term makes it a more general Poschl-Teller
potential.

The next step is to determine the operator needed for the moment sequence. An immediate
thought might be a linear combination of csch(x) and sech(z). However, attempting to do so
fails as their coefficients are not identical. Another approach is using e*, since all hyperbolic
functions special forms of the exponential. Such a sequence is possible, but this becomes too
complicated due to the many exponential functions in the denominator; this makes the search
space large. In fact, the easiest moment operator to consider sech(x), the exact same one as
Section 2.2. The derivation of the recursion relation is slightly trickier, however.

The operators used in the bootstrap constraints have to be chosen carefully. Naively using
the same operators as Section 2.2 yields terms with csch(z), which cannot be rid. To coun-
teract these, we include factors of sinh(x). An easy conversion exists between even powers of
sinh(z) and sech(x) through the Pythagorean theorem, and the remaining sinh(x) terms gets
substituted out for another identity.

First, let us consider @ = sech”(x)sinh®(z)p in the commutator constraint of bootstrap,
where the sinh®(x) was included to cancel out the hyperbolic cosecant term in V’(x). Using a
more general potential of V' (x) = acsch?(z) 4 bsech?(z), we find:

g =iB—ir, (64)
where
a =(3 —n) ((sech"*(z)p®) — (sech" ' (z)p*)) + n ((sech” ' (z)p*) — (sech""'(z)p*)), (65a)
B =(n — 3)*(sech™ ?(x)sinh(x)p) — (2n — 3)(n — 1)(sech”(z)sinh (z)p) (65b)
+n(n + 1)(sech™"?(x)sinh (x)p),
v = —2(a + b){sech” ! (x)) + 4b(sech™™(z)) — 2b(sech™ 3 (z)). (65¢)

Thus, all we need to do is substitute out (sech™(x)sinh(x)p) and (sech™ (z)p?). We have already
found a relation for the former term; the first equation in eqn. (10), which was one of the
relations found in the Poschl-Teller potential, applies here as well. The latter term is also
straightforward to substitute out. Plugging in O = sech(x)sinh?(z) into the constraint with
the energy term, we find

(sech™ *(z)p*) — (sech™ (z)p®) = 2 (E(sech™ *(z)) — (E + a + b)(sech™ (x)) + b(sech™**(z))) .

(66)
There may be concern that the above linear combination of sechm_Q(m)p2 is not present in eqn.
(64). However, this exact linear combination is found, so the above relation can be used without
caution. Thus, with @ = 3/8 and b = 1/8, a recursion relation can be found for the BTZ black

hole:
C1Tp—1 + CoTn—2 + C3Tn—3

—2n3 +6n? —6n + 2

, (67)

T'n
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where 7, = (sech”(z)) and

¢1 = (4En — 6E + 6n° — 30n® + 54n — 34) |
(—=8En + 18E — 6n’ + 42n® — 102n + 86) , (68)
¢3 = (4En — 12E + 2n° — 18n® 4 54n — 54) .

Co

It is easy to see that we rescaled the exponents such that the our moment sequence is now
{r,}2,, where r, = (sech®(z)). In addition, note that the search space for this problem
contains three elements: E, (sech?(x)), (sech®(x)). Thus, our search space is three-dimensional,
just like the setting in Section 2.3.3.

3.5 Issues with the Wavefunction of the BTZ Black Hole

(sech?(x)}
0.5

{sech®(x))

1.0

Figure 8: Plot of the allowed regions of E, (sech?(z)), and (sech*(x)) found through the positiv-
ity constraint. In this scenario, the positivity constraint included negative eigenvalues of order
—107% to mitigate numerical noise. This plot is reminiscent of the plane (sech®(x)) = (sech®(x)).

With the recursion relation having been derived, we can proceed with using the bootstrap
method, the result of which can be found in Figure 8. It is important to mention that this setting
produced a high amount of numerical noise that we did not come across in other situations.
That is, there were regions of the search space where the smallest eigenvalue was negative of
order 1071°. It is a reasonable assumption that these values are 0, so to account for these
points, we slightly modified the positivity constraint. Rather than all eigenvalues having to
be non-negative, we demand that they have to be greater than —107%. The graph in Figure 8
follows this principle as well.
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This graph shows that the bootstrap method finds the £ = —2 quasinormal mode. However,
there is no distinction between the £ = —2 and E = —2.5 energy values. In fact, when zoomed
out, the general planar shape of allowed eigenvalues can be found for all values of £. More
specifically, this plane appears where (sech?(x)) = (sech?(z)). This plane seems to satisfy
the positivity constraint for various values of K, meaning that the bootstrap method is not
successful here in determining the quasinormal modes!!.

To gain a better understanding of this counter-intuitive result, we turned to finding the
expectation values of sech?(z) and sech®(z) analytically. The radial equation, which is the
wave function here, has already been found in Section 3.2. It is straightforward to convert this
to the modified tortoise coordinates. However, we arrive at a new problem: (sech?(z)) and
(sech*(z)) diverge. In fact, this wave function isn’t normalizable, since (1) also diverges. This
fact should not be too surprising, given the shape of the potential. It is easy to see that the
potential approaches 0 as x — —oo, which explains the divergence.

However, it is still surprising that such a potential appears when converting the BTZ radial
equation to a Schrodinger-like equation, since the quasinormal modes were retrievable in the
gravity approach. This issue is more fundamental, and may be traced back to the metric.
Figure 9 contains a Penrose diagram of the black hole. The path we are taking here, as per
the metric from eqn. (31), is the red arrow in the diagram. This intersects with a point that
is present in both the black and white holes’ event horizon. Taking a different path in this

geometry may resolve this issue. One such metric is the following:
P22
ds? = 2dvdr — ( 7 +) dv? + r?d¢?, (69)

which corresponds to the blue path of the Penrose diagram. Here, v = t + . We are in the
process of determining if this method can resolve the issue of normalization.

While we have not fully solved this problem, the above work provides some insight on how
to view a gravitational problem as a quantum mechanical one. Deriving a recursion relation
with a complex potential shows the bootstrap in action for a richer setting. These examples
are illustrative of the versatility of the bootstrap method. In the next section, we move on to
applying this method to matrix models.

4. Matrix Quantum Mechanics

In matrix models, the Hamiltonian is a function of the trace of P and X, which are now
N x N Hermitian matrices such that [P;;, Xj;| = —id;0,,. Like before, we have the bootstrap
constraint from eqn. (2a), where (O) = Tr(pO) and p is the density matrix corresponding
to an energy eigenstate or mixed thermal state. In addition, physical states in gauged matrix
models must satisfy (Tr(GO)) = 0, where

G =i[X,P] + NI. (70)

These are the generators of SU(N). If the system was rotationally invariant with generators .S,
then we would have ([S, O]) = 0. The examples below will not use this symmetry, but one case
can be found in [29]. In addition, we may use the cyclicity of the trace at large N to derive
relations between two operators, such as (Tr(X P)) and (Tr(PX)), for example?. Finally, we

"No region other than the plane in the search space satisfies the positivity constraint, so we only observed
this plane for various K

12The term (Tr(X P)) contains two traces by the definition of (- --) here. While this seems redundant, such
notation makes it clear that we are working with energy eigenstates/mixed thermal states. This is especially
important in settings where N is not large; operators other than simple trace operators need to be considered
there.
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Figure 9: Penrose diagram of the BTZ geometry. The path that leads to a wave function that
cannot be normalized, which is a product of the metric from eqn. (31), is depicted by the red,
horizontal arrow. This path extends to the point of the event horizon that is shared by both
the white and black holes. Avoiding this point may be the key to resolving this issue. One such
way to do so is the blue, slanted path.

have that (OT) = (O)*. To summarize, we have the following constraints for bootstrapping
matrix models:

([H,0]) =0, (Commutator Constraint)

(Tr(GO)) =0, (Symmetry Constraint)

[A, B1By--- B,] = Z ¢;Tr (By--- Bio1) Tr (Biy1- -+ Bn), (Cyclicity of Trace)
i=1

(O = (0)* (Conjugate Constraint)

The positivity constraint is also present here, but it is slightly different than the single
particle case. Our goal is to create a matrix like Table 1. It is easy to see that this matrix and
all of its submatrices satisfy the positivity constraint from eqn. (3); all of these submatrices,
whether they are connected or not, must have a non-negative determinant. The row and column
headers are not included as elements of the matrix, and they are only included to provide
structure for the matrix. The constraint grows stronger as we utilize more operators. As a
metric for the number of operators, we shall consider lengths of strings. That is, all operators
with some length up to L will be used in the row and column headers. For example, for L = 2
in single matrix quantum mechanics, we place the operators {I, X, P, X? P? XP,PX} in the
headers, so our matrix would consist of 49 elements. In general, there are 2X*! — 1 operators
with length less than or equal to L. Accounting for all of the submatrices, we get 227"~ — 1
determinant constraints. For L = 5, this number is of order 10'®, meaning that bootstrapping
should be limited to low values of L.

The aim of applying bootstrap to matrix models is to construct such a matrix and simplify
its elements using the constraints mentioned prior. There will be parameters that cannot be
reduced, and we can find a lower bound of energy by minimizing (H) with respect to these
parameters. Before we enter the DO-Brane Matrix Model, let us take a look at a simple example.
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T O, O,
I N (Tr(0)) -+ (Tx(On))
Oy [ (Tr(O])) (Tr(0,00)) - (Tr(0,0))
én <Tr<b,t>> <Tr<<510;>> <Tr<6n0,t>>

Table 1: A general table/matrix used in bootstrapping matrix models. It is easy to see that
this matrix is Hermitian, making it compatible with the positivity constraint. This constraint
states that all possible submatrices of this matrix must be positive semi-definite.

4.1 Anharmonic Oscillator

We begin with the anharmonic oscillator, which is an example that has already been boot-
strapped [29]. The Hamiltonian of this model is

H = Tr (P?) + Tr (X?) + 2Tr (7). (72)
Let us first construct a matrix using strings with length 1 and under. Thus, the headers will
consist of I, X, P. Since the Hamiltonian is quadratic, we must have (Tr(X)) = (Tr(P)) = 0.

Therefore, the only unknown, non-vanishing elements of the matrix are (Tr(X?)), (Tr(P?)),
(Tr(PX)), and (Tr(X P)). The latter are easy to solve for. Using (Tr(G)) = 0, we find that

(TH(XP)) = ~(Te(PX)) = " (73)
In addition, [H, (Tr(X?))] gives us
(TH(P) = (Tr(X%) + 2 (Te(x) (74)

The other two elements cannot be found given our constraints, so (Tr(X?)) and (Tr(X*)) are
the parameters used to minimize (H) = 0. The matrix for this calculation can be found in
Table 2. We used FindMinimum to do so, resulting in the lower bound found in Figure 10. It
is clear that this lower bound is not strict enough to understand the system. Thus, we move
onto the L = 2 case.

|1 X p
I | N 0 0
X |0 (Tr(Xx?) —i
P|oO A (Te(X?) + 34(Tr(X)

Table 2: Bootstrap matrix using all strings with length < 1.

As mentioned prior, our list of strings to use becomes {I, X, P, X% P? XP,PX,}. Table
3 contains the L = 2 matrix. More information about the simplification of this matrix using
the bootstrap constraints can be found in Appendix A. From this matrix, we see that there are
four unknown parameters in this case, meaning that the minimization problem becomes much
more complex in this setting. The lower bound for E can be found in Figure 10. This is much
closer than the L = 1 lower bound to the exact energy ground state energy value, which can
be analytically found through mapping this problem to one of N free fermions [30]. It is worth
mentioning that this lower bound is not the exact one that was found in [29] for the L = 2 case,
which was done in Python. This is most likely due to the minimization algorithms themselves.

This example serves as a decent introduction to applying the bootstrap method to matrix
models. Using this knowledge, we can begin bootstrapping the DO-Brane Matrix Model.
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I X2 P? XP PX X P
2 iN? iNZ
I N a a+ b % _%
X2 a b d 0 ' —iNa
pP? a—l—%’b d c iNa—i—Zéﬁ]—gb 0
PX | —55 0 —iNa—22b  d+ 7% d
XP| % iNa 0 d d+%
X a _iNE
2
P % a+ 2b

Table 3: Bootstrap matrix using strings of length < 2, where the empty elements are zeroes.
Here. a = (Tr(X?)),b = (Tr(X?)),c = (Tr(P*)), and d = (Tr(X PXP)). Note that there are
49 elements, meaning that there are 27 — 1 = 127 submatrices and determinant constraints.

4.2 DO0O-Brane Matrix Model

It is important to note that the following discussion on and our understanding of the DO-Brane
Matrix Model comes from Lin’s paper [11]. As such, our work will follow Lin’s work, and we
shall rederive his results.

Before we can do so, we must understand the various components of the Hamiltonian, which
is

1 1
H = §Tr (IZ; <92P12 — @[XI,XJ]2 — wa’yéﬁ[X[,l/Jg]>) : (75)

Here, X are the 9 bosonic matrices and v, are the 16 fermionic matrices present in this theory
such that {v;;, Y} = [Xij, Xw] = dudji. All of these matrices are traceless and Hermitian,
like in the anharmonic oscillator setting. Furthermore, 7/ are the gamma matrices of SO(9)
such that {y7,77} = 2§77, We are interested in studying this problem in the so called t Hooft
limat, in which this system transforms into a 10 dimensional black hole of string theory with
the metric:

ds? o dr? r\ 2
= _ _ - 02
o = prtar s (D) ang (76

- (8
r2 Te ' (77)
re = v/ 240m5g2N.

This limit is found when keeping the dimensionless quantity \/T? = ¢?N/T? fixed as N — oo.
More information about this and other limits of this model can be found here |31, 32].

In this report, we will not be working with the gravitational side of this problem. Our goal
is to determine constraints on the energy and observables of the system, such as (X") for some
arbitrary n, from the matrix model perspective!®. The general strategy to do so is to construct
lower bounds from the bosonic and the fermionic terms. Then, we can combine contributions
from both to create a stronger constraint. To do so efficiently, we rewrite the Hamiltonian in
the following manner:

where

H=K+B+F, (78)

where K, B, and F are the kinetic, bosonic, and fermionic terms of eqn. (75) respectively.

13There has been discussion about what these observables represent in the gravitational side [33].
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Figure 10: Plot of the lower bounds of the ground state energy along with the exact value
(orange, smooth) as a function of g. These lower bounds are from the positivity constraints of
the bootstrap matrices corresponding to L = 1 (blue, lower) and L = 2 (purple, higher).

4.2.1 Bosonic Contribution
To derive a constraint from the bosonic terms, we must eliminate the fermionic terms. This is
straightforward; using (H, (Tr(X P))) = 0, we find
—2(K) +4(B) + (F) = 0. (79)
Combining this with (H) = E, we find that
1
—(K) + (B) + gE = 0. (80)
Now, let us take a closer look at B. Let A, B be arbitrary bosonic matrices. Then, the Cauchy-
Schwarz inequality states that
(Tr(A%))*(Te(B))* > (Tr(AB))* > 0. (81)
The term on the left is 0 by definition of the bosonic matrices, meaning (Tr(AB)) = 0. Thus,
we may write [A, B]? in the following way:
[A, B]> = ABAB + BABA — AB*A — BA’B = 2ABAB — 2A*B? (82)

where the cyclicity of the trace is used. More specifically, we find that A2B? — AB?A and
B? A% — BA?B are proportional to (Tr(AB)), which we showed was 0. In addition, we combined
terms using the conjugate constraint. We are then able to use the positivity constraint to

simplify the bosonic term. With the matrices seen in Tables 4 and 5, we find the following
constraints:
(T(AY)(Te(BY) > (Tr(A2B)*, -
(Tr(A*B*)?* > (Tr(ABAB))>.

25

628

629
630

631

632
633

634
635

636
637
638
639
640



The symmetry of the situation demands that (Tr(A%)) > (Tr(A%B?)) > (Tr(ABAB)). Then,
with eqn. (82), we find
9
4g°(B) = = > (Te([X7, X %)) < 72(2(Tr(X")) + 2(Tx(X"))) = 288(Tr(X")),  (84)
1.J
where X is an arbitrary bosonic matrix.
‘ A? B? ‘ AB BA
A2 | (Tr(A%))  (Tr(A%B?) AB | (Tr(A%*B?)) (Tr(ABAB))
B? | (Tr(A%B?))  (Tr(B%)) BA | (Tr(ABAB)) (Tr(A%B?))
Table 4: Bootstrap matrix used to deter- Table 5: Bootstrap matrix used to deter-
mine (Tr(A%)) > (Tr(A%2B?)). mine (Tr(A%B?)) > (Tr(ABAB)).
To utilize this fact, we turn to a constraint used in Section 4.1: for the L = 1 case,
it is straightforward to see that (Tr(X?))(Tr(P?)) > (Tr(XP))(Tr(PX)) = N*/4. In fact,
this relation holds true here, since (Tr(X P)) and (Tr(PX)) retain their value in this setting.

However, we have multiple X and P matrices here. Keeping the same X as used in the above
calculations, it is easy to see that

SO(TH(X) (Tr(P2) = = (Tr(X2))(K) > S N* (85)
g 4

Thus, using eqns. (80), (84), and (85), we find the following constraint on E and (Tr(X*)):

(tr(X4)) (144<tr(5<4)> + §5> > z, (86)
where ¢ = A\"V3N"2E, X = A7'/3X, and (tr(---)) = (Tr(---))/N. A couple of important
points to note here. Firstly, we used the constraint N(Tr(X?)) > (Tr(X?))?, which is trivial to
find from the positivity constraint. In addition, we have changed notation to match our work
with [11]. The reason this notation is used is to rid our constraint of the N dependence. This
allows for us to study the system at arbitrary N.

The relationship between the energy e and (tr(X*)) can be found in Figure 11. The plot
shows that the bosonic terms provide a better lower bound for (tr(X*)) for lower energies.
More specifically, these correspond to ¢ < 1 and € > 1 respectively. Such an analysis is
quite surprising from a simple bootstrap constraint such as this one, since € ~ 1 is when the
super-gravity solution begins to be invalid [11].

To find a stronger bound for high energies, we must turn towards fermions.

4.2.2 Fermionic Contribution

Working with the fermionic terms is more challenging. To effectively apply the positivity
constraint on these terms, we rewrite F into ) ,(Tr(O;X;)). The explicit form of O; will not
be relevant for us, but we can find relations of O;. The derivations for these require a better
understanding of Majorana fermions and the generators of su(/N), which is the Lie algebra of
SU(N). As such, we shall not provide these in this report, but they can be found in [11].
Firstly, using ([H, F]) = 0, we find that ) (Tr(O;P;)) = 0. In addition, it can be shown

that (Tr(O?)) < 64N3, where O is an arbitrary element of {O;}. We can then construct a
matrix to bootstrap, which can be found in Table 6. The positivity constraint then yields:
ey > G0, 8 &7
r Y
T M 8(5+5)
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Figure 11: Plot of the lower bounds of (tr(X*)) from the bosonic components (purple/dotted),
fermionic components (orange/dashed), and both (blue/solid). Note that the bosonic and
fermionic contributions are higher at low and high energies respectively.

\ O X P
O | H(Tx(0'0y)) 2 (3E—(B)) 0
X|3(GE-(B)  (Tx(X?) —ify
P 0 = s GE+(B))

Table 6: Bootstrap matrix using an arbitrary position, momentum, and fermionic matrix. Note
that the upper-left submatrix corresponds to the fermionic contribution, while the bottom-right
submatrix is purely bosonic.

where b is the value of (B) at the boundary itself. We can get rid of the b dependence in this
inequality by minimizing its right hand side with respect to b, since we are looking for a lower
bound. This purely fermionic constraint for (tr(X?)) can be found in Figure 12.

To get a bound on (tr(X*)) instead, like we did with the bosonic matrices, we can invoke
the simple identity (tr(X*)) > (tr(X?))2. If we use the positivity constraint on solely the 2 x 2
upper sub matrix of Table 11, we get a purely fermionic lower bound:

4(c 8, o)
> (9 3<tr(X ) > :

64(tr(X?)) (88)

~9
The lower bound of (tr(X*)) using the above equation can be found in Figure 11.
We can also incorporate bosonic terms into this constraint to find a stronger bound. From

eqn. (84), we see that we can set b = 72(tr(X*)) at the boundary'*. Setting the right hand
side of eqn. (87), which uses the positivity constraint on the entirety of Table 6, equal to b/72

140ne may use the value for b from minimizing eqn. (87). However, this produces a weaker bound.
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yields a combined lower bound:

e b e b\’
—+ - ) |12vV2Vvb— [ = — = = 54. 89
(05) 2o (-5) | ®
This lower bound matches the bosonic and fermionic constraints at low and high energies
respectively, as seen in Figure 11. The most noticeable difference is in the middle of these

values, where the combined lower bound is higher.
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Figure 12: Plot of the lower bound of (tr(X?)) from the fermionic components. There is no
trivial bound from the bosonic terms.

The simple bootstrap matrices used thus far have produced bounds on these observables
that were found through much more complex Monte Carlo methods [34, 35, 36, 37]. Using
larger matrices, like in Section 4.1, will yield better bounds. In addition, a myriad of properties
have yet to be used, such as supersymmetry, the large N approximation, and SU(N) gauge
symmetry. A more depth discussion of the above method - both strengths and weaknesses -
can be found in [11].

5. Summary and Conclusion

The above work showcases our work from the summer. As stated previously, a considerable
amount of time and effort went into understanding the method of bootstrap as a whole. This
included studying various single particle systems, such as the harmonic oscillator, Péschl-Teller
potential, and P7T symmetric systems. Our graphs matched those from existing literature,
which suggests that we have utilized the bootstrap method in the correct way.

Since this research is concerned with holography, the connection between a gravitational
and non-gravitational theory, we turned our attention towards studying quasinormal modes
of various black hole metrics. We found analytical forms of these modes for 2+1 dimensional
settings, such as the AdS; spacetime and BTZ black hole, while we used a semi-analytical
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approach for the 341 Schwarzschild black hole, which does not have an analytical solution for
its wave function.

We then turned our attention to matrix models, since our end-goal is to understand the
DO0-Brane Matrix Model. We started with the Anharmonic Oscillator Matrix Model, which
we were able to compare with the exact energy levels to gauge the accuracy of the bootstrap
method. Finally, we turned to the DO-Brane Matrix Model. Here, we used the bosonic and
fermionic components to derive constraints on the energy levels with respect to observables
such as (tr(X*)).

Our next steps is to resolve issues encountered in the above examples. More specifically, we
would like to use the new metric from eqn. (69) to determine if a normalizable wave function
can be found. In addition, we would like to derive bootstrap constraints using strings of length
< 3 for the Anharmonic Oscillator Matrix Model.

After finishing up with the examples, we would like to study two main facets of the DO-
Brane Matrix Model. It has been found that for N = 2, there are zero bound energy states.
However, an analytical proof for N > 3 has not been found due to the complexity of the
problem. Thus, we hope that bootstrapping the system will provide information about the
bound states. Furthermore, we would like to study quasinormal modes of the 10 dimensional
black hole that the DO-Brane Matrix Model relates to in the 't Hooft limit, which has already
been done in the super-gravity side but not the matrix side. Finding these would correspond
to studying correlator functions (X'(¢)X'(¢')) in the matrix setting.
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A. Bootstrap Constraints for the Anharmonic Oscillator

The table with all strings with length L < 2 is:

1 X? P? XP PX X P

I N (Tr(X?)) (Tx(P?)) (Tr(X P)) (Tr(PX))

X2 (Tr(X?)  (Tr(XY) (Tr(P2X?))  (Tr(XPX?)) (Tr(PX?))

P2 | (Te(P?))  (Tx(X2P%))  (Ti(PY)) (Te(XP3))  (Te(PXP?))

PX | (Tt(PX)) (Tr(X2PX)) (Tv(P?X))  (Tx(XP2X)) (Tx(PXPX))

XP | (Tt(XP)) (Tx(X3P))  (Tx(P?XP)) (Te(XPXP)) (Tt(PX2P))

X (Tr(X?))  (Tx(PX))
p (Tr(XP))  (Tx(P?))

The empty elements indicates 0. To simplify this matrix and reduce the degrees of freedom,
we use the four constraints outlined in Section 4:

1. <[H, O]> =0, 0esSy

b

<T1"(GO)> = 0, O e SQL_Q
(01 = (0)*, O € Sy,

- W

Cyclicity of the Trace,
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where H = Tr(P?) + Tr(X?) + £ Tr(X*) and G = i[X, P]+ NI for the Anharmonic Oscillator
with N x N position/momentum matrices. In addition, let us define Sy, as the set of all strings
with length < k. From previous work, we know that (Tr(X P)) = -(Tr(PX)) = % We also
know that (Tr(P?)) = (Tr(X?)) + 2 (Tr(X*)). Our objective is to write everything else in
terms of the traces of X2, X*, and other unattainable quantities.

First, let us work with XPXP, PXPX, XP?X, and PX?P. Using the second and third
identities, we see that

3

(Tr(X PX P)) = (Tr(PX?P)) — N
e (90)

(Tr(PXPX)) = (Tr(X PX))

We know that (PX?P)" = PX?P, so (Tr(PX?P)) € R. The same thing applies for (Tr(X P2X)).
Thus, both (Te(XPXP)) = (Te(PXPX)) € R, since (Tr((XPXP)")) = (Te(PXPX)). Fur-
thermore, using cyclicity of trace with (Tr(PX?P)) and (Tr(X P%2X)), we find
NS
(Te(XPX)) = (Te(PPX) +
2 (91)
N
(Tr(PX?P)) = (Tr(X?P?)) + -
This of course means that (Tr(P?X?)) = (Tr(PXPX)) = (Tr(X?2P?)).
Constraint Operators
([H,O]) XP PX, X4
(Tr(GO)) S

(Tr(01)) = (Tr(0))* | S
Cyclicity of Trace S, — 8
Table 7: Table of all operators that were used for each constraint. Operators that produced a
string with length L > 6 were not considered.

Next, we focus on (Tr(PX?)) and its adjacent terms. From the cyclicity of trace, the
Hamiltonian (with O = X*), and generator constraints, we see that

(Tr(PX?)) = (Tr(X?P)) — 2iN(Tr(X?)),
(Te(PX7)) = —(Te(X°P)), (92)
(Tr(PX?)) = (Tr(XPX?)) —iN(Tr(X?)).

These imply that (Tr(PX?)) = —iN(Tr(X?)) and (Tr(XPX?)) = 0. Then, (Tr(X?PX)) =0
as well.

The only terms we have not considered are (Tr(X P3)) and its corresponding terms. From
the cyclicity of trace and generator constraints, we find
(Tr(X P?)) = (Tr(P*X)) + 2iN(Tr(P?)),
3 20y 4 2 (93)
(Tr(XP?)) = (Tr(PXP?)) +iN(Tr(P?)).
Let e = x+iy = (Tr(X P?)). Then, if we take the conjugate of both sides of the second equation
above, then we see that
(z +iy)* = (Tr(P*X)) = (Tr(P*X P)) — iN(Tr(P?)). (94)
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meaning (Tr(P2X P)) = z + iy — iN{Tr(P?)) = (Tr(PX P?)), making both of these terms real. s3s
This means y = iN (Tr(P?)). 836

The updated table can be found in Table 3. Table 7 outlines which operators were used for 837
each constraint. Operators with a total odd power are not considered since the Hamiltonian s3s
is even. In addition, note that we cannot find (Tr(X?2)),(Tr(X?)), (Tr(P*)), and (Tr(X PX P)) s39
without involving strings of length L = 6. 840
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