Answer Set 6
Physics 104A

Boas 7.5.5 a, = 2 [T f(z)dz =1 5/2(—1)d:z:+% Jrp2dz =050y = 17 cosnzf(z)dr = —1 f(;r/Q cos nzdr+

%f;/z cosnzdz = —-L sinfn,:1:|g/2 + L sinnacm/2 = —2(=1)®=1/2 /nx for n odd and 0 for n even;
by = 2 7 sinnzf(z)dr = —1 07r/2 sinnzdzx + %f;rr/Q sinnzdzr = %cosnaﬂg/? — %cosnmmﬂ =
—(2/n7)(1 — (—1)™?) for n even, 0 for n odd.

Putting these together gives f(z) = —2(cos z— 3 cos 3z+ % cos 5z —...+sin 22+ 1 sin 67+ £ sin 102+

...). Notice how the symmetry of the function leads to zeroes for half the cosine coefficients and

three-quarters of the sine coefficients.
1+ —

_1.

Boas 7.9.3 a) even: —z* — 1; odd: z° + 23
b) even: 1+ (e + e 7)/2; odd: (e* —e *)/2

Boas 7.9.18 fc( ) =%+ 1an cos gt x, with ao = %fgf(:c)dx = 2andforn # 0ay, = %fo?’f( ) cos 7
2 [ cos ™adr = 2(3 sin Pg|}) = L sin I,
fs(z) = Enzlb sin ', w1th by, = 3f0 f(z)sin xdr = 3f0 sin zdr = 2(—2 cos 2z|l) =
—2(cos ™ —1).
fo(z) = % + 302 (an cos 22 + by, sin 2Z%7), with a, = 2 (exactly as in fc(z)), and for n #

0 ap = % 03 f( )COS %_nxdx — 3 fO CcOoSs %_nxdz — %(%Sln 271'7L.,L_| ) 1 Sln 275” and bn _
%fg’ f(z)sin 27mxdx =3 fo sin 2””xdx = %(_% cos 27rn$‘ ) = 1 L (cos an i 1)_
even, period 6. odd, per|od 6: period 3:

-6 0 6 ) 0 6 -6 0 6

1. Since A is Hermitian, the eigenvalues are real and the eigenvectors can be chosen to be orthonormal.
(If there are degenerate eigenvalues, it may also be possible to pick a non-orthogonal set of eigen-

vectors, but an orthonormal set is always an option.) Let |v) = 37 @;|v;), which must be possible
since the |v,)’s are independent and hence a basis. Then <’U|A|’U) i1 i o ai{vj|Alvy) =
i1 e o aivi|Nifvi) = 3071 Yy efaidi{vilvi) = 2o |i|?A;. The last step used the or-

thonormahty of the elgenvectors Now, since A1()\,) is the smallest (largest) eigenvalue, A\ =
Y el < 0 eiPh < X0 |eil?An = Ap. In the first and last steps, T used the fact that

[v) is a unit vector: 1 = (v|v) = 370 Y7L &fay{vjlvi) = 271y i |2

2. a) UTUv) = UtAw). Since UTU = T and scalars commute with operators, this becomes |v) =
AU'|v). Dividing by A gives 1|v) = Uf|v), so |v) is an eigenvector of UT with eigenvalue }.

b) If |v) is a normalized eigenvector of U, then (Uv|v) = (Uv)fv = (\v)fv = X\*. Alternatively,

(Uv)tv = vIUw = v'(3v) = ;. (I have freely used commutativity of scalars and associa-

tivity.) This means \* = A1, so A = ¢?. The corresponding condition for real orthogonal

matrices is that their real eigenvalues are +1. (Real orthogonal matrices are a special case

of unitary matrices, so the general condition is again that \ = e.)

™ rdr =



3. a) For the exponential expansion, ¢, = 5 [T e? "%dy = (em(1=in) _ g=m(1=in)) /o7 (1 — in) =

(~1)"(e" — ™M) /2m(1 —in), s0 € = (¢" — e™) £, SH -G on [, 7],

_ (e

For the sine-cosine expansion, a, = 2¢, = (" — e ™)/m, ap, = ¢ + c—py = T
and b, = i(c, —cp) = —%, T’ll also do the cosine integral explicitly, since
there’s a bit of a trick to it: a, = £ [T e®cosnzdr = 2[Le?sinnz|™, — L [T e"sinnzds] =

1L e cosnz|™, — L [T e"cosnadz] = Ly[e"(—1)" —e ™ (—1)"] - ya, = (ﬂ—i)g—(e —e ") —

n—gan. Solve this for a, to get an, = ﬂ(dr —e ™M) /(1 +n?).

™

b) ¢, = &= 02” e*= ey = (271" _ 1)/2x(1 — in) = (2™ — 1)/27(1 — in), so € = (e*™ —

2 inx
].) (iooo m on [0,27!']
2w _ 2w _
The sine-cosine expansion has coefficients: a, = (e*™ — 1)/7; ap, = %; by, = —%.

¢) (Clearly, part c) makes no sense if back in part a) you just got the sine-cosine expansion from

the exponential expansion by algebra. If you did that, the “check” is exactly the calculation
eT—e~T)(=1)"

you did in the first place.) ao = 2¢, = (€" —€™")/m, an = cp + cn = n(l+n2) * and
by, =i(cp —c_p) = _%

4. a) g(z) = Y02 _ cne™®. Here ¢, = 2f zdr = 0; and for n # 0, ¢, = %f—ll e—iTnT g
L geimnal, _ L1 ﬁe—wmdx = i (e~ — (=1)¢é™") = - (—1)". (The integral

left after the integration by parts vanishes.)
b) h(z) = 32 . d,e™*. Here d, = %ﬁl |z|dz = %[fgl(—w)dx + fol zdzr] = %; and for

n 7é 0, d, = %flle_i”."ﬂﬂdw :1 %[1 fol ze Iy + flme”md:v] :1 2[1”" —mﬂﬂgl _
L f ) e imTT Jp %e—mr'whl) + L —znnmdx] §[z7m (0 + emn) - L —i7rn(1 _ emn) _
(e — 0)+%%(e’”" 1] = ,-zim[( D'+ m (L= (1)) = ()" = 7 ()" = 1)) =

W}nQ ()" —-1] = 7r2n2 (n odd), 0 (n even).
c) Since f = (g + h)/2, its Fourier series will be the average of the series for g and h. So,
f(z) = i"‘Zn even,n£0 Z#emm—zn odd.(ﬁ‘l‘n?ln?)emm' Doing the integrals directly gives
coefficients % ffl flx)e "™ dy = % fol we_“””dw. For n = 0 this gives }1, and for n # 0 it gives
_ 1 — —i 1
2[ inn € zrnw'(l) - fO fi17rne zwnwdm] [ - ((7171171)2 € zwnz'(l))] - (27r72 + 271'%71,2 [(_1)n - 1]’
which agrees with the previous answer.
d) gq(z) = %9(37) + %h(x) = % + 20 even no 4‘:):”6“mm -2 Odd(f;:n + 352 nz)emmc.
T1. a) A: Hermitian, unitary, antisymmetric. B: Diagonal, symmetric. C: Orthogonal, unitary.
(ANY real orthogonal matrix is also unitary.)

b) det ( _z'A :/Z\ ) = 0 gives A2 — 1 = 0, so the eigenvalues are A\ = 1. The eigenvector

7z7rn

. : 1 . .
corresponding to A = 1 is o | where « is some complex number. You can find a by going

-1 —

back to ( 1

) ( ; ) = 0. The first row of the matrix gives —1 — i = 0, so the

. . 1 . . . .
eigenvector is AE (This wouldn’t work if the first entry of the eigenvector had in fact



been 0, but you can easily check that ( (1)

) is not an eigenvector.) Similarly, the eigenvector

1
( i ) corresponds to A = —1.

. . . 1 1 .
The matrix S has the eigenvectors as its columns: S = P E The corresponding

diagonal matrix has the eigenvalues as its entries, in the same order that the eigenvectors

appear in S: ( L0 ) (If you instead took S = ( 1.

0 -1 _
-1 0
be( 0 1))

T2. f(z) = Y02 o cn€™, with ¢ = 5 [[ daf(z)e”™® = L fﬂgZ dze'®> ™% For n # 2 this
becomes ¢, = 5 e;((; T:)m |7i/7r2/2 = (sin(2 — n)w/2)/(2 — n)w. This is actually 0 for n even, and
n—1

(=1)"= /(2 — n)m for n odd. The case n = 2 has to be done separately; co = 1/2.

1 ), the diagonal matrix would



